We develop a model-independent test of General Relativity that allows for the constraint of the gravitational wave (GW) polarization content with GW detections of binary compact object inspirals. We first consider three modified gravity theories (Brans-Dicke theory, Rosen's theory and Lightman-Lee theory) and calculate the response function of ground-based detectors to gravitational waves in the inspiral phase. This allows us to see how additional polarizations predicted in these theories modify the General Relativistic prediction of the response function. We then consider general power-law modifications to the Hamiltonian and radiation-reaction force and study how these modify the time-domain and Fourier response function when all polarizations are present. From these general arguments and specific modified gravity examples, we infer an improved parameterized post-Einsteinian template family with complete polarization content. This family enhances General Relativity templates through the inclusion of new theory parameters, reducing to the former when these parameters acquire certain values, and recovering modified gravity predictions for other values, including all polarizations. We conclude by discussing detection strategies to constrain these new, polarization theory parameters by constructing certain null channels through the combination of output from multiple detectors.
I. INTRODUCTION
Gravitational waves (GWs) will soon be detected by ground-based detectors, such as Advanced LIGO [1] [2] [3] and Advanced Virgo [4, 5] . These waves will provide invaluable information about the gravitational interaction in the so-called strong-field regime, where the nonlinearity and strong dynamics of the Einstein equations play an important role. Although General Relativity (GR) has passed all Solar System and binary pulsar tests with flying colors, the strong-field regime remains mostly unexplored [6, 7] . For example, observations have not yet been able to confirm GR's no-hair theorems or the non-linear part of the Einstein equations in the GW generation.
One of the primary targets of these terrestrial detectors are waves generated in the late inspiral of compact objects. Detectors that can observe signals as low as 10 Hz will be able to follow the binary inspiral from astronomically small separations down to merger. For example, for a binary neutron star inspiral, ground-based detectors should be able to detect inspirals from initial separations of ∼ 600m NS ∼ 2500 km, where m NS is the total mass of the binary (here and in what follows we use geometric units G = c = 1). In this late inspiral regime, the non-linearities of the field equations and the strong-field nature of GR are essential, while one can still employ perturbation theory to model the associated GWs until right before the compact objects plunge into each other and merge.
One of the predictions of GR that one would wish to test is that the GW metric perturbation only possesses two propagating degrees of freedom. In a general theory of gravity, there are up to 6 degrees of freedom allowed.
In GR, however, due to the structure of the field equations, only 2 of them are physical, with the remaining 4 being gauge degrees of freedom. Although ground-based detectors are expected to observe GWs at low signal-tonoise ratio, the simultaneous detection of such waves by multiple detectors should allow us to constrain the existence of additional polarization modes (2 scalar and 2 vectorial). The main question, of course, is precisely how to carry out such tests and the degree to which they will allow us to rule out or confirm additional polarization modes.
Many modified gravity theories exist where all 6 degrees of freedom are physical and must be accounted for when computing the GW response function. Perhaps the most well-known examples are scalar-tensor theories, where the presence of a scalar field leads to the existence of dipole radiation and a scalar (so-called breathing) polarization mode, in addition to the two standard transverse-traceless modes of GR [6] [7] [8] . Vector-tensor theories usually predict the existence of preferred directions and the excitation of vector modes [6] , while tensorvector-scalar theories, such as TeVeS [9, 10] , predict the existence of all 6 polarization modes and Einstein-Aether theories [11] [12] [13] predict the existence of 5 polarization modes . Moreover, bimetric and stratified theories also predict the existence of all 6 polarization modes [6, [14] [15] [16] .
Recently, a model-independent framework to test GR was developed: the parameterized post-Einsteinian (ppE) framework [17, 18] . In this scheme, one enhances the GR GW template family through the addition of new theory parameters θ; when these ppE parameters acquire certain values one recovers GR, while for other values one recovers predictions from modified gravity theories. As a first step, Yunes and Pretorius [17] proposed a simple ppE model that treated the inspiral phase in a postNewtonian (PN) approximation, where the orbital velocity is much less than the speed of light v/c ≪ 1, and that neglected the direct excitation of additional polarization modes in the GW response function. Such modes were only indirectly accounted for through possible modifications to the orbital binding energy and its rate of change, which were captured through ppE parameters.
In this paper, we relax this assumption and improve the ppE framework to allow for the direct presence of additional polarization modes in the response function. In order to achieve this, we first look at three modified gravity theories that predict the existence of additional polarization modes, namely Brans-Dicke theory [8] , Rosen's bimetric theory [14, 15] and Lightman-Lee theory [16] 1 . For each of these theories, we calculate the GW metric perturbation, we extract from this the polarization modes, construct the GW response function and Fourier transform the latter in the stationary-phase approximation (SPA) [21] [22] [23] .
We then use physical arguments to predict the general functional form of the time-domain response function, assuming all polarization states are present. We begin by noting that the existence of additional modes leads to new terms in the time-domain response function that are proportional to the ℓ = (0, 1, 2) harmonics of the orbital phase. When this is Fourier transformed, however, the ℓ = 0 harmonic does not possess a stationary point, and thus, it is subdominant relative to the ℓ = (1, 2) modes. When Fourier transforming, we allow for a parametric deformation of the Hamiltonian and the radiationreaction force through the addition of relative power-law corrections. As Yunes and Pretorius found [17] , powerlaw modifications to the binding energy and energy flux introduce power-law modifications to the Fourier amplitude and phase. The inclusion of additional polarizations introduces a new term that is proportional to the ℓ = 1 harmonic of the orbital phase and that was not included in the original ppE scheme.
With these general arguments and solutions from modified gravity theories at hand, we generalize the ppE framework to allow for the remaining four polarization modes in the response function. Given a single detector, we find that to parameterize only the ℓ = 2 harmonic one requires 4 ppE parameters for the most general case, in agreement with Yunes and Pretorius [17] ; if one wishes to include all polarization modes, one needs a total of 9 ppE parameters instead. However, if one restricts attention only to power-law modifications to the Hamiltonian and radiation-reaction force in the generation of GWs, then for single-detectors one needs only 2 ppE parameters to parameterize the ℓ = 2 harmonic and 4 ppE parameters to parameterize all polarizations.
Part of our work is similar to a paper by Arun that recently appeared in the literature [24] . In that paper, he first defines the dipolar mode of the GW as the ℓ = 1 harmonic component of the wave. Then, assuming a general functional form for this component and a GR quadrupole plus dipole frequency evolution, he calculates the Fourier transform of the response function. He finds that the Fourier response can be parametrized by 2 parameters: one that measures the amplitude of the dipole mode relative to the leading quadrupole mode; and one that measures the relative strength of dipole emission. The reason that Arun manages to parameterize the waveform with a smaller number of parameter is that he neglects corrections to the conservative part of the dynamics and he restricts attention to dipole emission only. Our paper generalizes his results, allowing for generic deformations in the Hamiltonian and radiation-reaction force, while simultaneously accounting for all polarization modes.
Using a single spherical [25] or truncated icosohedral [26] acoustic detector it is possible to extract and separate [27] the various polarization modes. In contrast, a standard two-arm interferometric detector only provides a single projection of the polarization state, and it takes multiple independent projections from an array of detectors to fully constrain the polarization content. We construct a ppE model that could be used with multiple interferometers by restoring the beam-pattern dependencies of the ppE amplitude. This forces us to break-up the overall amplitude into several terms, each with new ppE theory parameters, thus enlarging the parameter space to 18 theory parameters in the general case and 10 for power-law corrections. With this at hand, we then discuss a new multiple detector strategy to extract the additional polarization modes through the construction of null streams, ie. combinations that isolate specific polarization modes. One such null stream has the property that if GR were right, the stream would be free of gravitational wave energy for any designated sky location. If each detector output is thought of as a vector in signal space, then the construction of null channels reduces to the continuous projection of this signal in directions orthogonal to the 2 GR polarization modes. In general, we find that at least 3 detectors are necessary to constrain additional modes, 4 detectors are necessary to constrain the vector modes and with 6 detectors it is possible to construct streams that are null in every theory of gravity.
The rest of this paper is organized as follows: Section II describes how the gravitational response function is computed in a generic modified gravity theory and summarizes the SPA. Section III discusses BransDicke theory, Rosen's theory and Lightman-Lee's theory, computing the response function and its Fourier transform in the SPA for each of them. Section IV calculates the complete waveform for generic deviations in the systems binding energy and balance law. Section V uses the results from the previous sections to construct a gen-eralized ppE framework that allows for the existence of additional polarizations modes. Section VI discusses the construction of null streams for generic waveforms with 6 polarization modes. Section VII concludes and discusses possible future research directions.
We follow here the conventions of Misner, Thorne and Wheeler [28] : Greek letters stand for spacetime time indices, while Latin letters in the middle of the alphabet (i, j, k, . . .) stand for spatial indices only; commas in index lists stand for partial derivatives and semi-colons for covariant derivatives; parentheses and square brackets in index lists stand for symmetrization and anti-symmetrization respectively such as A (αβ) = (1/2)(A αβ + A βα ) and A [αβ] = (1/2)(A αβ − A βα ); the metric is denoted via g µν with signature (−, +, +, +); the Einstein summation convention and geometric units with G = c = 1 is assumed, unless otherwise specified.
II. FOURIER TRANSFORM OF A GENERIC RESPONSE FUNCTION
In this section, we construct the response function for a generic modified gravity theory, given the GW metric perturbation. We then briefly explain how the SPA to the Fourier transform of this response can be calculated. We conclude the section by showing how the algorithm works in the standard GR limit.
A. Polarizations from the Metric Perturbation
In this subsection, we mainly follow Will [6, 7, 29] . The response function of a detector to a wave with all possible polarizations is
where F · are angular pattern functions and h · are waveform polarizations. The former are given by [29] F + = 1 2 (1 + cos 2 θ) cos 2ψ cos 2φ − cos θ sin 2ψ sin 2φ ,
The waveform polarizations can be computed from the contraction of certain basis vectors (e + ij , e × ij , e x i , e y i ) (see e.g. [29, 30] noting that in [29] (e x i , e y i ), ie. the basis vectors orthogonal toN i , the unit vector pointing from the source to the detector, are denoted as (θ i ,φ i )) with the waveform amplitudes A · , namely
In these equations, A b is the amplitude of the scalar breathing mode, A L is the amplitude of the scalar longitudinal mode, A k V are the amplitudes of the vectorial modes and A ij TT are the amplitudes of the transverse-traceless modes.
The usual way to find the waveform amplitudes A · is to compute the linearized Riemann tensor evaluated with the trace-reversed metric perturbation [28, 29] . A more straightforward way to accomplish the same result, however, is to construct operators that act on the trace-reversed metric perturbation directly and return the waveform amplitudes. In terms of these, the amplitudes are given by
where P ij = δ ij −N iNj is a projection operator orthogonal toN i , a unit vector pointing from the source to the detector, whileh µν is the trace-reversed metric perturbation and δ ij is the Kronecker delta. One might wonder whether we can reconstruct the full metric perturbation from the GW polarization modes in Eq. (9) . Notice, though, that Eq. (9) contains only 6 degrees of freedom ( 
because it is transverse and 2 in A ij TT because it is transverse and traceless), while the full metric perturbation generically contains 10 degrees of freedom. Thus, for the inversion to be unique one must make a gauge choice, such as a pure traceless (yet not fully transverse) gauge. Doing so, the metric perturbation can be written as
Of course, such a metric reconstruction is unnecessary for our purposes because the observable is the response function and we can project out the relevant degrees of freedom (those in Eq. (9)) without making any gauge choice.
B. Stationary Phase Approximation
In GW data analysis, one often works with the Fourier transform of the response function, which can be obtained analytically in the SPA [21] [22] [23] . We here briefly review this method. The goal of the SPA is to compute the generalized Fourier integral
assuming that the response function h(t) is composed of a slowly varying amplitude A(t) and a rapidly varying phase ℓΦ(t), namely
with ℓ > 0 the harmonic number and Φ(t) the orbital phase. Equation (11) can be rewritten using Eq. (12) as
The first term in square brackets does not have a stationary point, ie. a value of t for which the derivative of the argument of the exponential vanishes, 2πf + ℓdΦ/dt = 0. Terms without a stationary point contribute subdominantly to the generalized Fourier integral, and thus, they can be neglected by the Riemann-Lebesgue Lemma [21] . The second term in Eq. (13) does have a stationary point, which after Taylor expanding occurs when the derivative of the argument in the exponential vanishes, ie. F (t 0 ) = f /ℓ, where F (t) =Φ/(2π) is the orbital angular frequency. With this at hand, the SPA ofh(f ) is [23] 
where the phase GW Ψ is given by
In the rest of this paper, we will use these expressions to find an analytic representation of the Fourier transform of the response function in different modified gravity theories. As we will see in Sec. III, the time-domain response function in a generic modified gravity theory will contain terms proportional to the ℓ th harmonic of the orbital phase, as shown in Eq. (12) . Terms in the Fourier transform of the response function proportional to the ℓ = 0 harmonic are of the form
where the power n depends on how the frequency evolves. Such an integral vanishes for 0 < n < 1 when the limits of integration are ±∞, because, as the complex exponential oscillates, contributions from subsequent intervals cancel out. Indeed, to first order we keep only the leading quadrupole emission for which n = 1/4. Therefore, we see that the ℓ = 0 harmonic of the orbital phase in the response function will contribute subdominantly to the SPA of the Fourier response.
C. General Relativity Limit
As an illustrative example, let us apply the above formalism to the trace-reversed metric perturbation in GR. The trace-reversed metric perturbation for a two-body, quasi-circular orbit is given, to leading-order in the PN expansion, by (see e.g. [31] )
where the quadrupole moment is
µ is the reduced mass, m is the total mass, D is the distance to the source, r is the orbital separation and (x i ,v i ) are orbital trajectory and orbital velocity unit vectors.
In order to explicitly calculate the waveform amplitudes via Eq. (9) we must first express (
Choosing the coordinate system so that the vector from the source to the observer is on the y-z plane the vectors (N i , e 
where we recall that Φ is the orbital phase and ι is the inclination angle. Applying the operators in Eq. (9), we obtain
where TT[·] is the transverse-traceless projection operator, and all other amplitudes are zero. We have here imposed the Lorenz gauge conditionh µν ,ν = 0, which can be rewritten ash µ0 ,0 =N jh µj ,0 andh 00 ,0 = N jNkh jk ,0 [6, 7] . Once we have the amplitudes, we can compute the waveform polarization modes from Eq. (8) to obtain
and all other modes vanish. From Eq. (1), the response is then simply
where
2Φ is the GW phase and M = η 3/5 m is the chirp mass, with η = m 1 m 2 /m 2 the symmetric mass ratio. We have here used Kepler's third law to simplify the final result, neglecting subdominant terms in the PN approximation.
The SPA of the Fourier transform of this response function can be computed following Sec. II B. Using the balance law to relate the rate of change of binding energy to the GW luminosity, we can calculate the frequency evolution, which to leading-order in the PN expansion is given by
With this in hand, we can now compute the well-known (restricted , ie. leading-order in the amplitude) Fourier transform of the response function in the SPA, namelỹ
where we have also introduced for future convenience
although only the ℓ = 2 harmonic enters the GR waveform. Here, (c PN n , l PN n ) are known PN coefficients that can be read for example from Eq. (3.18) in [32] , and we have defined the reduced ℓ-harmonic frequency
such that u 2 = (πMf ) 1/3 , with f the GW frequency. Up until now, we have concentrate on the restricted PN approximation, but later on it will be important to determine whether modified gravity corrections to the Fourier amplitude are degenerate with PN amplitude corrections in GR. Amplitude corrections arise because the PN waveform contains an infinite number of higher harmonics, as one can see e.g. in Eq. (238) of [31] . Therefore, the Fourier transform of such a waveform leads also to a sum of ℓ harmonic terms. The dominant one is the ℓ = 2 mode, which was already described above in Eq. (32) . The next order terms are the ℓ = 1 and ℓ = 3 harmonics, which scale as [33] 
GR ,
where A (1, 3) GR are amplitude factors that depend on different combinations of the inclination and polarization angles. The key point here is that these terms enter at 1PN order higher in the amplitude relative to the dominant ℓ = 2 mode, as can be established by looking at its f −5/6 frequency dependence.
III. MODIFIED GRAVITY THEORIES
A. Brans-Dicke Theory
Brans Dicke theory [8] is defined by the gravitational action (in Jordan frame)
where g is the determinant of the metric g µν , R is the Ricci scalar, φ is a dynamical scalar field, V is a potential for the scalar field and ω BD is a coupling constant. Usually, one sets the potential to zero, unless one is considering massive Brans-Dicke theory [34] . Such a theory is a subset of scalar-tensor theories, where the coupling constant ω(φ) = ω BD = const. Variation of this action with respect to the metric and the scalar field leads to the modified field equations of the theory. Linearizing these field equations about a flat background η µν , one can obtain evolution equations for h µν . We refer the interested reader to [20, 35] for further details. In Brans-Dicke theory, it is convenient to define the trace-reversed metric perturbation in terms of two other fields, a covariantly conserved tensor θ µν and the scalar field φ, to obtainh
where φ 0 is the asymptotic value of the scalar field at spatial infinity. The linearized field equations prescribe the evolution of both φ and θ µν , whose solution in the PN approximation is
where we have defined
In these equations, we have also defined ξ = (2 + With this at hand, we can now compute the polarization modes as in Sec. II A. Using the Lorenz gauge condition from [19] θ µν ,ν = 0 2 , the waveform amplitudes are
where the longitudinal and vectorial modes vanish. The polarization modes are then
where again the longitudinal and vectorial modes vanish. Putting all pieces together and simplifying expressions through the leading PN order expression for Kepler's third law
we find
where c.c. stands for the complex conjugate and where we have kept terms only linear in ξ. In these equations, we have also defined
and
The Fourier integral of Eq. (47) can be easily calculated with the SPA, but this requires use of the orbital frequency evolution. The rate of change of the binding energy is determined by both dipole and quadrupole radiation, and to first order in ξ and to leading-order in the PN approximation, it is calculated in [19] 
(51) When this is combined with the binding energy E = −Gmµ/r and Eq. (46), one obtains the orbital frequency evolution
where recall that G = 1 as given below Eq. (41). The total Fourier-transformed waveform in BransDicke theory is then simplỹ
where the Fourier transform of the first term in Eq. (47) is
and that of the second term is
5π 384
BD .
(55) We have here assumed that the second and third terms in Eq. (52) are much smaller than the first term, ie. that Brans-Dicke theories introduces a small deformation away from GR. We have also here defined the ℓ th -harmonic Brans-Dicke Fourier phase
BD , where
with Ψ (ℓ)
GR given in Eq. (33) (see also Eq. (124)) and u ℓ given by Eq. (34) . Notice that the second term in Eq. (54) is of −1PN order relative to the first one, a typical signature of dipole radiation. Such an amplitude correction is usually neglected, because GW interferometers are much more sensitive to the phase evolution. Of course, not all corrections to the amplitude and the phase will be measurable, and some of them can be degenerate with other system parameters, such as the luminosity distance or the chirp mass. Such issues will be discussed further in Sec. V.
B. Rosen's Theory
Rosen's is an example of a bimetric theory [14, 15] : a theory with a dynamical tensor gravitational field and a flat, non-dynamical metric, or prior geometry. Rosen's theory is defined by the gravitational action [6, 14, 15] 
where η is the determinant of the flat, non-dynamical metric η µν and the∇ µ operator stands for a covariant derivative with respect to η µν . Although the field equations in this theory are quite different from Einstein's, it has a standard parametrized post-Newtonian (ppN) limit, with only the α 2 ppN parameter different from its GR value. This parameter, however, has been constrained to be less than 4 × 10 −7 through observations of solar alignment with the ecliptic plane [6, 7] .
Rosen's theory is of class II 6 in the E(2) classification [6, 7] , and thus, not all six polarization modes are observer-independent. In theories of this class, all observers agree on the magnitude of the longitudinal mode, but they disagree on the presence or absence of all other modes. This, however, does not mean that the other modes are not real or that they do not carry energy. It only implies that a spin-decomposition of the GWs is not invariant. Such frame dependence is irrelevant for our purposes, since the detector will be in a given frame, and thus, it will measure a certain number of polarization modes. See [6, 7] for more details on this theory.
The lack of definite helicity in Rosen's theory is connected to the lack of positive definiteness in the sign of the emitted energy [36] . That is, for certain systems, Rosen's theory predicts dipolar radiation that pumps energy into the system, leading to a total energy flux that is positive, instead of negative as in GR. In turn, this for example leads to an increase in the orbital period of binary pulsars with time [36] [37] [38] . Since binary pulsar observations are consistent with GR, Rosen's theory is today less appealing than in the 1970s. We here study it, not because we think of it as a particularly good candidate to replace Einstein's theory, but as a toy model to determine how the GW response function is modified in theories that allow for the existence of all gravitational polarization modes [6, 7] .
The variation of the action and the linearization of the resulting field equations give the evolution of the tracereversed metric perturbation [19, 37] , which can be solved to find
where G is the difference in the self-gravitational binding energy per unit mass of the binary components:
Due to the specific characteristics of the theory, one cannot find a particular gauge to simplify the above equations.
With this in hand, we can now compute the polarizations modes and the response function. Following the steps laid out in Sec. II A, we find
Using the modified Kepler's law
where k R = 1 − 4s 1 s 2 /3, the time-domain response function is
where we recall that c.c. stands for complex conjugate and where (A R , B R , C R ) are functions of the angles:
Notice that in the G → 0 limit, one does not recover GR, as described for example in [19, 37] . Before we can calculate the Fourier transform of the response function in the SPA for Rosen's theory, we must first calculate the orbital frequency evolution. The energy evolution of the binary orbit due to GW emission is (to leading-order in the PN approximation and in G) given in [19] dE dt = 84 15
and this leads to the orbital frequency evolution
(68) where the binding energy is not modified.
We can now calculate the Fourier transform in the SPA:h
where the transform of the first term in Eq. (63) is
R .
We have here assumed that G ≪ 1 and kept terms only to leading-order both in G and in the PN approximation. We have also here defined the ℓ-harmonic Rosen Fourier phase
where u ℓ is given in Eq. (34) . As before, some modifications are degenerate with system parameters, as we will see in Sec. V.
C. Lightman-Lee Theory
Lightman-Lee theory [16] is a bimetric theory of gravity, similar to Rosen's. This theory is controlled by the metric g µν , a dynamical gravitational tensor B µν that is connected to g µν and a flat, non-dynamical background metric [6] . The theory is defined by the gravitational action
whereη is the trace of the background metricη µν (not to be confused with the symmetric mass ratio η introduced earlier). The spacetime metric is connected to the tensor B µν via
which can be expanded for weak gravitational fields as g µν = η µν + h µν with h µν = B µν − Bη µν /8. We refer the reader to [6, 7] for more details on this theory. This theory is part of a wider class (sometimes called BSLL) of theories that are semi-conservative. In the particular case of Lightman-Lee theory, there are no preferred frame-effects and the ppN parameters reduce identically to those of GR [6] . This theory, however, is also of class II 6 in the E(2) classification, just like Rosen's theory. As before, this implies the lack of definite helicity polarization states and the prediction of the existence of all polarization modes [36] . As in Rosen's theory, lack of helicity seems to lead to a lack of positive definiteness in the energy flux, which is in contradiction with binary pulsars [36, 38] . Nonetheless, as in the case of Rosen's theory, we here take Lightman-Lee's as a toy model that allows us to see how the response function is modified in theories that predict all possible GW polarizations.
The trace reversed metric perturbation is given in terms of B µν byh µν = B µν − 3 8 Bη µν . Using B as given in [19] , we find that
As in the case of Rosen's theory, one cannot choose a particular gauge to simplify expressions. We can then extract the polarization modes as explained in Sec. II A to obtain
With these modes, we can construct the response function to find
In the derivation of the above equations we have used Kepler's law for this theory, which is identical to that of GR.
Before we can compute the Fourier transform of this response function in the SPA, we must first find the orbital frequency evolution equation. The energy evolution of the binary's orbit is prescribed (to leading-order in the PN approximation and to leading-order in G) by [19] dE dt = 84 15
Then, the orbital frequency evolution equation is simply
(84) The SPA of the Fourier transform of the response function ish
where the Fourier transform of the first term in Eq. (79) ish
LL ,
LL .
As before, we have here kept terms to leading-order in the PN approximation and in G. We have also defined the ℓ th -harmonic Lightman-Lee Fourier phase
where we recall that u ℓ is given in Eq. (34) . As in the case of Rosen's theory, note that Lightman-Lee theory does not have a well-defined GR limit, ie.h L (f ) →h GR (f ) as G → 0. Also note that some modifications are degenerate with system parameters, as we will see in Sec. V.
IV. DECONSTRUCTION OF INSPIRAL WAVEFORM GENERATION
With the information gathered so far, let us try to understand how the Fourier transform of the response function is constructed, allowing for possible modifications in the generation of GWs. The response function is clearly a sum of different terms in a harmonic decomposition, where the ℓ th term is
and where Q(ι, θ, φ, ψ) is a function of the inclination angle ι and possibly all the beam-pattern functions, which depend on the position of the source in the sky, parameterized by the angles (θ, φ) and the polarization angle ψ. The ℓ = 0 harmonic does not satisfy this scaling, but as we have discussed in the previous sections, this mode contributes only subdominantly to the Fourier transform, and thus, it will be neglected henceforth. Let us now argue by symmetry and dimensional reasoning that the functional form in Eq. (89) is unavoidable for the ℓth harmonic. If one is to have a spacetime that is asymptotically flat, then the metric perturbation must scale as D −1 to leading order. This quantity, however, has dimensions of inverse length, and thus, it must be accompanied by a quantity with dimensions of length. One could use m 1 , m 2 or a combination like the reduced mass µ. But since we must have that in the limit m 1 → 0 or m 2 → 0, then h → 0, one cannot normalize D with m 1 or m 2 , or for the same reason with δm = m 1 − m 2 . Thus, the only dimension-1 quantity available for a nonspinning binary is µ, which preserves exchange symmetry and leads to a factor of η 2/5 M in the numerator of Eq. (89). Also, since we will require that any modified gravity theory has a well-defined continuous GR limit in the weak field, we must disallow any other arbitrary η
In modified gravity theories, however, this suppression of the ℓ = 1 mode need not be present. In fact, in theories with a scalar breathing mode, one finds that an ℓ = 1 mode is usually excited at leading Newtonian order. This his why we have not included the series dependence in Eq. (89).
Given this generic time-domain response function, we wish to compute the Fourier transform in the SPA. For this, we need both the binding energy and the rate of change of this energy. The former can be parameterized as follows
where we assume A is small, such that the correction represents a small deformation away from GR. Such a binding energy modifies Kepler's third law as
or in terms of its inverse
Using v ≡ rω, the Virial theorem is then modified to
Thus, the binding energy to leading PN order becomes
and the response function is
We see that this agrees with the GR and the Brans-Dicke results for the time-domain response function, when written in terms of the orbital frequency.
The next ingredient we need is the rate of change of the binding energy. To model this one usually invokes the balance law, by which the rate of change of the binding energy must be exactly balanced by the energy flux carried away from the system (out to spatial infinity or into event horizons) by propagating degrees of freedom. Assuming that the metric perturbation accepts a multipolar decomposition, the energy flux is going to be the sum of the square of the (ℓ + 1) time-derivative of the ℓ th multipole. Let us assume a modification to the rate of change of the binding energy of the forṁ
whereĖ GR is the GR energy flux and the second term is assumed small relative to the first, as we are interested in small deformations away from GR. Using the modified Kepler's law, we can rewrite this aṡ
We see here that there are two modifications toĖ: one coming from the modification to the Kepler law acting onĖ GR and one coming directly from the modification tȯ E with the GR expression for Kepler's law. The values of p and q determine which of these two modifications dominates. We have here neglected the non-linear term generated by the product of terms proportional to A and B.
We now have all the ingredients to compute the Fourier transform of h (ℓ) in the SPA. For this, it is convenient to first compute the rate of change of the orbital frequency via the chain rule:
where again we have kept terms to leading-order in the PN approximation and in the deformation parameters. The Fourier transform of the response function in the SPA is theñ
where u ℓ was defined in Eq. (34) . We see then that the modification to the energy flux introduces corrections to the amplitude of qPN order, while the modification to the binding energy introduces corrections of pPN order. This calculation shows explicitly that the leading-order amplitude correction induced by an ℓ = 1 mode will not be degenerate with PN amplitude corrections since the former enters at Newtonian order. That is, the ℓ = 1 amplitude correction in Eq. (99) is proportional to u −9/2 1 , which corresponds to a −1PN order term relative to the GR Newtonian amplitude that scales as u −7/2 . This scaling is very different from the GR amplitude corrections, which in Eq. (35) we saw scale as u −5/2 1 , a +1PN order correction relative to the GR Newtonian amplitude. Such different frequency scalings suggest that modified gravity amplitude corrections induced by the ℓ = 1 mode will be weakly correlated with GR amplitude corrections.
The Fourier phase can be similarly computed from Eq. (15). We find
GR was given in Eq. (33) and we have defined
Again, the modification to the binding energy introduces modifications of pPN order, while the modification to the flux is of qPN order. The above expression clearly contains poles at certain values of q and p. These are not physical, but just a consequence of the assumptions made when carrying out the integral in Eq. (15) . When p or q equal 4 or 5/2, the integrand that defines the Fourier phase becomes inversely proportional to F , and thus, the result should be a logarithm, instead of a power law. For these special cases, we find
where δφ 0 is an overall constant of integration. Since these are 6.5PN order and 5PN order corrections relative to the Newtonian GR term, one usually ignores them.
A note of caution is due at this junction. Equation (100) depends only on integer powers of the reduced frequency u ℓ . This is a direct consequence of our parameterization of the energy flux and the binding energy in Eqs. (96) and (90), respectively. In principle, these equations could be modified by other functions that cannot be represented as a power series about zero velocity. A typical example would be logarithmic terms that, for example, enter at high PN order in General Relativity due to non-linear propagation effects (see eg. [31] and references therein). Moreover, certain modified gravity theories could introduce screened modifications, ie. corrections that become "active" only above a certain frequency. Such effects would need to be modeled through a Heaviside function, which cannot be represented as a power-law. This, for example, is the case when dealing with massive Brans-Dicke gravity [34, 35, 39, 40] .
V. PPE GENERALIZATION
We here review the basics of standard ppE theory and extend this to allow for the direct presence of additional polarizations. We also show that for single-detector observations, the standard ppE framework is sufficient for the ℓ = 2 harmonic, but should be generalized to account for the ℓ = 1 harmonic component. We then generalize the ppE scheme to allow for multiple detectors.
A. Standard ppE Framework
In the standard ppE framework, one considers possible deformations of the two GR polarizations (h + h × ) as induced by corrections to the frequency evolution equation only. As we have seen, this will allow only for modifications in the ℓ = 2 harmonic of the Fourier transform. Such corrections can arise due to deformations to the binding energy of the binary or the energy flux carried by all degrees of freedom away from the binary. In Sec. IV, we computed such corrections to leading PN order and to leading-order in the deformation parameters. As Yunes and Pretorius found [17] , the corrections to the Fourier transform of the response function can be generically cast ash
where we have inserted a factor of 2 in the phase correction for future convenience. If the modifications to the binding energy enter at the same PN order as the modifications to the energy flux, ie. q = k = p, then
If p < q, then to leading-order one recovers again Eq. (105) with
while if q < p, then you have Eq. (105) with
We see then clearly that all possibilities can be mapped to the ppE waveform family of Eq. (105).
The ppE waveform family of Eq. (105) depends on the standard 5 system parameters λ GR = (A, M, η, t c , Φ (2) c ) and on 4 ppE theory parameters λ ppE,0 = (α, a, β, b). The ppE parameters (a, b) are pure numbers that take discrete values and characterize the type of physical modification to the GR prediction. The parameters (α, β) depend on the coupling constants of the modified gravity theory, as well possibly on the masses and spins of the binary, and they are the quantities we wish to constrain with observations. When (α, β) = 0, one recovers GR, while for other values of ppE parameters, one recovers the predictions of other theories for the ℓ = 2 harmonic. For example, the Brans-Dicke prediction for the ℓ = 2 harmonic is recovered when
Rosen's and Lightman-Lee theory cannot be easily mapped because they do not possess a GR limit, and thus, they are not technically small deformations away from Einstein's theory (see Sec. III). From a physical standpoint, Eq. (105) makes perfect sense: the waveform depends on an amplitude and a phase degree of freedom, so any deformation of it can be mapped to a change in these two quantities. One could in principle Taylor expand these functional degrees of freedom, but lacking a particular theoretical framework, the controlling factor of such an expansion is unknown. Thus, since different theories predict different controlling factors, it is best to use the parameterization in Eq. (105). The pure numbers (a, b), however, should not be thought of as completely free, as after all they are generated by velocity corrections to GR's physical principles. If one assumes that modified gravity theories always lead to corrections of the form v n , where n ∈ Z, then (a, b) ∈ Z. To date, we have not encountered any modified gravity theory that predicts corrections in non-integer powers of the orbital velocity.
Can modifications to the radiation-reaction force or the Hamiltonian in modified gravity theories depend on non-integer powers of the velocity? We believe the answer to this question is no. If such terms were present, the corrections would be non-analytic in the weak-field, ie. they would lack a well-defined Taylor expansion about zero velocity. Such lack of analyticity would lead to a breakdown of the initial value formulation. For example, differential equations of the formv = v p , with p a non-integer and initial condition v(0) = 0 do not possess a unique solution. Notice that this is not a problem for terms proportional to negative powers of velocity or to natural logarithms, as the latter are analytic everywhere in their domain (0, ∞), ie. v = 0 is not in the domain of these functions.
However, it is known that non integer powers of the frequency in the phase of the GWs arise when the orbit is no longer circular. The reason the mathematical argument presented above is no longer valid is the following. For eccentric orbits, the binding energy is a bivariate series both in the azimuthal velocity u θ and in the radial velocity u r . The former is initially non-zero, but very close to zero, increasing as the inspiral proceeds. Therefore, one can expand the binding energy around u θ = 0 and a non-integer power in the evolution law would break uniqueness. On the other hand, during the inspiral u r decays. An inspiral can begin with large eccentricity, but due to radiation reaction, it would lose eccentricity and become circular as the inspiral proceeds. Therefore, one can no longer expand the binding energy around u r = 0, which implies the initial condition u r (0) = 0 is no longer valid. A differential equationu r = u p r with p non-integer and an initial condition u r (0) = 0 has no uniqueness problem. Therefore, if an extra field φ were present and it decayed during the inspiral without an initial condition φ(0) = 0, one cannot use the argument above to rule out non-integer powers in the evolution of the GW phase.
The parameterization of Eq. (105) does not use the fact that a modification to GW generation will usually introduce changes to the amplitude and phase that will be related to each other. Indeed, from the analysis of Sec. IV, we see that a parameterization of the ℓ = 2 harmonic of the Fourier response that explicitly recognizes these relations would bẽ
Notice that a and α have been completely eliminated. The parameter c ∈ R is not a free parameter, but it is fully determined by b. When a conservative correction dominates, then
when a dissipative correction dominates, then
and if both conservative and dissipative corrections enter at the same PN order, then
Therefore, the ppE theory parameters ofh ppE,1 are λ ppE,1 = (b, β), two less than λ ppE,0 . This might seem strange since originally we started with 4 arbitrary constants (A, B, p, q), two to parameterize corrections to the binding energy and two for modifications to the flux. Without loss of generality, however, either one of these two will be dominant or they will enter at the same PN order, enabling us to eliminate 2 parameters. Notice that when b = −7 and a dissipative correction dominates, then c diss = 224/3 and one recovers the Brans-Dicke result of Eq. (115). This reduced parameterization, however, neglects possible modifications in the propagation of GWs, due for example to a Lorentz-violating graviton dispersion relation. The analysis of [41, 42] showed that modifications in GW propagation only introduce corrections to the Fourier phase, and thus, Eq. (117) should be modified toh term would be of higher PN order than the κu k 2 term. This template family has parameters λ ppE,2 = (b, β, κ, k), the same number as λ ppE,0 , although there is a clear phase degeneracy here when k = b. The ppE template familỹ h ppE,2 allows one to disentangle generation from propagation effects.
The parameterizations discussed above, however, only work for a single-detector and for the ℓ = 2 harmonic. In the next subsections, we generalize these proposals to allow for power in the ℓ = 1 harmonic and for the possibility of multiple-detector detections.
B. Generalized ppE Scheme: Single Detector, all harmonics
Given a single interferometric detector, one cannot break the degeneracies in the waveform to separately extract all physical parameters [18] . For example, one cannot separately measure all the angles that characterize the position of the source in the sky. Thus, even within GR, the prototypical template family is a reduction of Eq. (32) toh
where we have absorbed a constant factor into the phase of coalescence. That is, one can measure the parameters contained in Ψ GR , ie. (t c , Φ c , η, M), plus the overall amplitude A GR , which essentially determines the signalto-noise ratio. However, one cannot separately measure all the quantities encoded in
(123) Similarly, when deciding how to modify the GR template family to allow for modified gravity effects, one must keep possible degeneracies in mind. Below, we calculate the reductions of the SPA Fourier transform of the response functions of Sec. III for each modified gravity theory studied and then discuss a few ppE proposals.
Brans-Dicke Theory
Equation (53) can be rewritten as
where Ψ
BD is given by Eq. (56), with the substitution Φ c → Φ
GR . The Brans-Dicke correction can be written as δΨ
ℓ , where β BD was already defined in Eq. (115) and we have redefined the chirp massM = M[1 − (ξ/15)(Γ 2 /12 − k BD )]. In rewriting the waveform in Eq. (53) in terms of an overall amplitude and an overall phase, we also redefined the (constant) phase of coalescence as
which leads to two distinct constants for each harmonic. Therefore, the parameters of such a template family are the usual system parameters λ GR , plus the Brans-Dicke
c ). For a single-detector, one still detects only a combined overall amplitude A BD for the ℓ = 2 harmonic, which in terms of the fundamental parameters of the theory and the beam-pattern functions is given by
and we recall that Γ is defined below Eq. (41). We have here absorbed a prefactor into the luminosity distance, namelyD = D 1 + ξ Γ 2 /24 + k BD /2 , where k BD and S are defined in and around Eq. (41) . Moreover, for a single-detector one cannot measure ξ separately, but the combined phase and amplitude quantities. The latter is related to ξ via
We separate γ BD from β BD here because they appear multiplied by different powers of u ℓ and the beam-pattern functions in the Fourier transform of the response function. That is, different (single) detectors will measure the same β BD , but different γ BD .
Rosen's Theory
Equation (69) can be rewritten as
where Ψ ℓ , where β R is given below. As in the BransDicke case, the above expression is obtained by rewriting Eq. (69) in terms of an overall amplitude and phase, where we have redefined the (constant) phase of coalescence via
Therefore, the parameters of this template family are the usual system parameters λ GR , plus the Rosen parameters (β R , γ R , Φ
c ). As before, a single detector can only measure the combined amplitude A R , which is related to other system parameters via
One can also measure the combination of theory constants in β R and γ R , where the relationship between these two sets and theory parameters is
As in the Brans-Dicke case, all detectors will see the same β R for a given event, but different γ R .
Lightman-Lee Theory
Equation (85) can be rewritten as
where Ψ ℓ , where β LL is given below. In rewriting Eq. (85) in terms of an overall amplitude and phase, we had to redefine the constant phase of coalesce to
Therefore, the parameters of this waveform are the usual ones λ GR , plus the Lightman-Lee ones (β LL , γ LL , Φ
c ). As before, a single detector can only measure the overall amplitude A LL , which is related to other parameters via
Moreover, one can also only measure (γ LL , β LL ), and these are related to other fundamental theory parameters via
Multiple detectors will measure different γ LL , but the same β LL given the same source.
ppE Scheme
The above discussion allows us to conclude that, although the already existing ppE scheme is perfectly adequate to capture the ℓ = 2 harmonic in the Fourier transform, it does not capture the ℓ = 1 harmonic. Power in this harmonic is a natural consequence of theories that predict extra polarization states. The largest generalization of the ppE scheme that covers all alternatives is simplyh
where now the theory parameters are λ ppE,0 = (α, a, β, b, γ, c, δ, d, Φ
c ). We say that this is the largest generalization because, in addition to the standard 5 system parameters λ GR , we have added 9 more for a total of 14 parameters, without imposing any relations between them.
One might worry that the parameterization of the ℓ = 1 term (the second line in Eq. (138) will be degenerate with PN amplitude corrections. This will indeed be the case if c ∈ (−5/2, −2, −3/2, . . .). Modified gravity theories that predict the excitation of a scalar breathing mode, however, are likely to introduce ℓ = 1 corrections to the waveform that enter at leading, Newtonian order. For these, c = −9/2, which is a −1PN order correction in the amplitude relative to the leading-order GR term. As such, these modifications should be weakly correlated with PN amplitude corrections.
Since the leading-order term of the ℓ = 1 harmonic enters at Newtonian, leading order, the amplitude parameter γ has to be very small, for the theory to be consistent with binary pulsar observations. Given that detectors are more sensitive to the GW phase than its amplitude, it would appear that the effect of additional polarization states would first show up indirectly in the modified phase evolution of h + and h × , and not through the direct detection of the additional polarization states. However, E ∼ḣ 2 ∼ O(ǫ 2 ), where ǫ is the small parameter measuring the deviation of the theory in question from GR.
Then, it is clear from the SPA formalism (Eq. (14) ) that the amplitude of the Fourier transform of the ℓ = 1 harmonic will have 2 terms: one coming from the quadrupole part ofḞ and one coming from the dipole part ofḞ . The former is of order ǫ, while the latter of order ǫ 2 and can, thus, be neglected. From Eq. (15) we see that β is proportional to ǫ 2 and we still have the possibility of measuring γ before β. Only in very specific theories, for example in Brans-Dicke theory where the kinetic scalar term is multiplied by the reciprocal of the Brans-Dicke coupling parameter, isĖ modified from its GR expectation at linear order in the coupling. A more detailed study of the possibility of measuring γ is left for future work.
In the above parameterization, we did not use the fact that some of these parameters are not independent, if they are all to arise from a modification to the generation of GWs. As we showed in Sec. IV, given a correction to the energy flux or the binding energy that scales as 1/r k relative to the leading-order GR expectation, the correction to the phase in the ℓ = 2 harmonic is proportional to u 2k−5 2
, while the correction to the amplitude goes as u 
GR is given in Eq. (33) with Φ c → Φ
c . We have also explicitly used the fact that the ℓ = 2 harmonic leads to an amplitude proportional to f −7/6 , while an ℓ = 1 harmonic leads to f −3/2 when only the leadingorder quadrupole radiation is taken into account. Notice that c is again given by Eqs. (118)-(120), ie. it is fully determined by the conservative or dissipative modifications. The ppE theory parameters ofh
c ), in addition to the usual system parameters λ GR , for a total of 9 parameters.
The result in Eq. (139) is very similar to that of Arun [24] , so let us compare it directly. In [24] , Arun considered the effect of dipole radiation in the Fourier waveform, which corresponds to our waveform with b = −7. Moreover, he neglected any conservative corrections (modifications to the binding energy), and thus, c = c diss as given in Eq. (119). In this limit,h SD ppE,1 reduces to his Eq. (9). We note that Arun's overall amplitude is complex, and thus, there is an additional parameter that was not made explicit in his equations. We have here pulled this factor out by including Φ Whether one chooses Eq. (138) or (139) depends on the question that one is trying to answer. The parameterization in Eq. (139) contains fewer parameters, but stronger assumptions about the type of corrections one is searching for. In deriving this equation, we have neglected all corrections that cannot be represented by a power-law. For example, we have ignored possible logarithmic modified gravity corrections in the Hamiltonian or radiation-reaction force, as well as screened modifi-cations that depend on the Heaviside function. Moreover, we have also neglected the fact that GR modifications consist of an infinite power series in velocity, and thus, corrections to the phase will not depend on a single term, but an entire PN series. The parameterization of Eq. (139) attempts to extract only the leading-order, controlling factor in the expansion. If the true theory of nature contains these type of deviations, Eq. (138) might be more powerful at detecting a deviation. This is the topic of a follow-up study that is in preparation [43] .
Finally, we can also allow for propagation effects by multiplying the phases in Eq. (139) by the appropriate ppE propagation factors:
where (κ, k) are new ppE propagation parameters. Using such a waveform, however, might not be ideal for data analysis purposes, as usually either u b or u k will dominate, and it might be preferable to ignore the subdominant contribution.
C. Generalized ppE Scheme:
Multiple Detectors, all harmonics
The theory amplitude parameters, such as β and γ, introduced in the previous subsection, clearly depend both on the coupling constants of the theory, as well as on the symmetric mass ratio, the sky location of the source and the inclination angle. Therefore, these parameters are system and detector dependent and not suitable for comparing data acquired from a detector network. In this subsection, we will construct a generalization to the ppE parameterization for the waveform amplitude to resolve this problem.
Let us then begin by presenting the Fourier transform of the response function in the SPA for all the theories considered in Sec. III, but in full detail this time, without rewriting the response in terms of an overall amplitude and phase correction.
GR:
2. Brans-Dicke Theory:
BD ,
3. Rosen's Theory:
4. Lightman-Lee Theory:
where the phase terms are given in Sec. III. Using the above examples for guidance, one can generalize the ppE framework to apply to multiple detectors via the large ppE class
where (κ, k) are propagation ppE parameters. As in Eq. (140), using this waveform might not be ideal, as usually either u b or u k will dominate, and one might wish to neglect the subdominant contribution.
Before proceeding, let us make a remark about the GR limit of the parameterizations discussed here. We saw earlier that both Rosen's and Lightman-Lee theory do not possess a continuous GR limit. That is, if one takes the coupling parameters of this theory to zero G → 0, one does not recover Einstein's theory. While our parameterization is designed to have a smooth GR limit, it does manage to cover these exotic and observationally disfavoured alternatives. More precisely, the parameterization discussed above poses no restriction on the magnitude of the amplitude β, and thus, if β were large enough and b = −5, the phase terms proportional to β could combine with the GR terms to change the leading-order behavior. Such behavior can be discarded if one imposes priors on β and κ, for example, by requiring them to satisfy their current binary pulsar constraints [44] .
VI. NULL STREAMS
A general method used in GW data analysis to separate signals from noise is that of null streams. This approach was first introduced by Gürsel and Tinto [45] and was later extended by Chatterji et al. [46] . The idea behind this is to combine the data from a network of detectors to find linear combinations that contain no GW signal, only noise, in the hopes of separating false-alarms from real GW burst events. Their analysis only included the h + and h × polarizations, since they were considering only GR events.
We can extend this method to test Einstein's theory through the proper combination of output from several detectors. In essence, one can extend the analysis of [45, 46] to allow for all possible polarizations and then construct the appropriate null streams ("null" within GR) through appropriate projections. This method is promising to test GR, since the detection of a GW in a GR null stream would automatically signal a deviation from GR (assuming the source location is known -the more general analysis for sources with unknown sky location will be developed elsewhere). One can thus search for statistically significant deviations from noise in GR null streams, both with a template (as given in Sec. V) and without one. Given a detection of a signal in a GR null stream, one could then reconstruct the signal through the templates in Sec. V.
Let us assume that there exist D ≥ 6 detectors with uncorrelated noise and that, for a given source, we know its position in the sky, as might be the case if we have an electromagnetic counterpart. Given this, one knows exactly how to time-shift the signal from detector to detector. For a detector a, the noise-weighted signal from a source at locationΩ s in the sky in the frequency domain is
(154) Here, and in the remaining section,d a , F · a andñ a are the noise-weighted signal, the antenna patterns and the noise of the ath detector respectively, each defined as their standard value divided by S a (f )/2 where S a (f ) is the power spectral density.
Given D detectors, we can then rewrite Eq. (154) as 
or using tensor notation,
where the a runs over the number of detectors and the j over the polarizations. The quantity F a j is acting analogous to a metric in the signal manifold, and thus, the first term on the right-hand side can be interpreted as the projection of the wave vectorh j along the directions
Therefore, one can create data sets that have no component of a certain polarization by projecting them to a direction orthogonal to the direction defined by the beam pattern functions of this polarization mode. This is illustrated in Fig 1 for 3 detectors.
For D detectors, the signal manifold is D dimensional with D basis vectors, 5 of which can be chosen along the F + a , F × a , F se a , F sn a and F b a directions. The reason why we cannot choose 6 linearly independent basis vectors along the F . a directions is that F b = −F L , as can be clearly seen from Eq. 2 (see also [47, 48] ). This means that although we have a 6 × D matrix, this only has 5 linearly independent columns. The remaining D − 5 vectors would give us complete null streams, ie. streams with truly no signals, no matter how many polarizations are present. Currently, there are only 3 detectors active or soon to be active and collecting data, and thus, we can only eliminate two polarization modes from the full signal. Let us then define the GR null stream as the stream that has no tensor modes (h + andh × ), namelỹ
(this is analogous to the null stream defined in [46] ). Clearly, this will contain a mixture of the two scalar modes and two vector modes. Given data from 3 detectors, one can then study whetherd GR,null contains any statistically significant deviations from noise without ever invoking a template. However, since we have constructed a parameterization for a response function with all polarizations, one could filterd GR,null with the GR null scalar
fitting for the system parameters, together with the ppE theory parameters. The quantityh c here should be interpreted as, for example,h
given in Eq. (145) for the cth detector.
What if we had more than 3 detectors? Each additional detector would allow us to eliminate one of the two vector modes or both the scalar modes, beyond the two tensor ones. For example, given four detectors,d GR,null becomes a two vector, as there are two GR null streams, which in addition also contain no power in one of the vector modes or the scalar modes, depending on which direction we chose to project out. Therefore, given 5 detectors one can construct 3 enhanced GR null streams, each with power in a signal direction. With more than 5 detectors, one can then construct complete null streams (in any theory of gravity). This topic and its implementation will be studied more carefully elsewhere [43] .
VII. CONCLUSIONS
We have studied how theories that predict the existence of all GW polarization modes affect the GW response function. First, we considered three modified theories (Brans-Dicke theory, Rosen's theory and LightmanLee theory) and, for each of them, we extracted the polarization modes and calculated the response function in the time and frequency domains, for a quasi-circular, non-spinning compact object inspiral source. We found that, although generically the response function contains terms proportional to the ℓ = (0, 1, 2) harmonic of the orbital phase, only the ℓ = (1, 2) harmonics contribute significantly to the Fourier transform in the SPA. This is because the ℓ = 0 harmonic lacks a stationary point in the generalized Fourier integral, and thus, it becomes subdominant relative to the ℓ = (1, 2) harmonics by the Riemann-Lebesgue lemma [21] .
We then considered the generic structure of the ℓ-harmonic response function in the time domain using symmetry arguments and dimensional analysis. We Fourier-transformed this generic structure in the SPA and found that the leading-order Fourier amplitude and phase scale as ℓ −1/2 η (2−ℓ)/5 u (2ℓ−11)/2 ℓ and ℓu −5 ℓ respectively, where u ℓ = (2πMf /ℓ) 1/3 , η is the symmetric mass, f is the GW frequency and M is the chirp mass. We then allowed for power-law modifications to the radiation-reaction force (the energy flux) and the Hamiltonian (the binding energy). Given a modification of relative nth PN order to either of these quantities, we found that the Fourier amplitude and phase acquire corrections that both scale as u 2n ℓ relative to the GR leading-order term.
With this in hand, we considered the ppE framework and whether it was capable of capturing this higherharmonic modifications to the response function. We found that, although the original ppE framework is perfectly capable of modeling the ℓ = 2 harmonic, it needs to be modified to also allow for the ℓ = 1 harmonic. We proposed two possible extensions to the single-detector ppE framework: a generic one with a total of 9 ppE theory parameters; and a reduced one with only 4 ppE theory parameters that uses some of the scaling relations found for a generic terms promotional to the ℓ-harmonic of the orbital phase in the response function.
The original ppE scheme was not applicable to multiple detector configurations, as it was based on a generic deformation of a GR single-detector response. When trying to constrain the existence of non-GR polarizations, however, one needs to redo this analysis to allow for multiple detectors. We carried out such an extension proposing another two ppE, multiple-detector template families: a generic one with a total of 18 ppE theory parameters; and a reduced one with a total of 10 ppE parameters. The large increase in ppE parameters is necessary if one wishes to test for the existence of all 4 additional non-GR polarizations in both the ℓ = 1 and ℓ = 2 harmonic of the Fourier transformed response function. If one restricts attention to only one additional non-GR polarization, then one requires only 9 ppE parameters for the generic proposal and 5 ppE parameters for the restricted proposal.
Some of the parameters we introduced here are already constrained by binary pulsar observations. For example, if there exists a scalar breathing mode at leading, Newtonian order, then it will modify the amplitude through a −1PN order term, which then will change the rate of change of the binding energy, and thus, of the orbital period. Such negative-PN order terms must be very small in magnitude to be compatible with binary pulsar observations [44] . Such restrictions could be accounted for in the form of a prior through a Bayesian analysis.
We conclude with a discussion of a possible method to test for the existence of additional non-GR polarization through the combination of the output of multiple detectors. That is, we extend the concept of null streams to non-GR theories, defining a GR null stream as one that would be consistent with noise in GR, but that would contain non-GR polarizations in a modified gravity theory. Such a null stream is simply constructed by building basis vectors orthogonal to the 2 GR polarization basis vectors in the signal manifold, and then projecting out the response with these orthogonal directions. We find that at least 3 detectors are necessary to construct one such null stream. One requires 5 detectors to isolate the 4 additional non-GR polarizations into single GR null streams and 6 detectors are required to create a null streams in all theories of gravity.
Although the analysis presented here is a definite step forward toward the construction of model-independent tests of GR with GWs from binary inspirals, it leaves open several directions for future research. The four ppE proposals discussed in this paper were in part inspired by our analysis of three specific models. In principle, one would like to repeat the analysis carried out here for vector-tensor theories, such as [6] , stratified theories [6, [14] [15] [16] and tensor-vector-scalar theories, such as TeVeS [9, 10] or Einstein-Aether theory [11] [12] [13] . The latter will be particularly helpful in improving the ppE scheme, as it predicts the existence of preferred directions, which should introduce ℓ = 1 harmonic modifications to the time-domain response function. Another step towards the improvement of the above proposals would be to determine a generic parametrization for the quantities that depend on the parameters of the system, like the mass, the spins etc.
One of the main motivations for the ppE scheme is to develop a framework to test GR in the strong-field and here we have concentrated on the inspiral phase only, which might seem like a contradiction. As explained in the Introduction, however, by "strong-field" we here mean the region of spacetime where the gravitational field is dynamical and non-linear. The PN expansion allows one to model such non-linearities and strong dynamics perturbatively, and it is precisely this that the ppE framework modifies. Ideally, one would also want to consider extensions of the ppE framework during the plunge and merger phase. In these phases, one expects the most amount of radiation emitted through non-GR polarizations, and perhaps, the largest deviations from our GR expectations. The plunge and merger, however, are extremely difficult to model even within GR. Lacking a numerical modeling of these phases in modified gravity theories, one can only improve on inspiral ppE models at the current time. In the future, however, it would be most interesting to see how additional polarizations modify GR waveforms during merger.
Another obvious direction for future research is the implementation of such proposals in a realistic data analysis pipeline, like that discussed in [18] or [49] . In particular, the amplitude of the ℓ = 1 harmonic to the Fourier transform of the response function is proportional to a ppE theory parameter, which we are assuming here to be small, relative to the GR amplitude of the ℓ = 2 mode. Since GW detectors are much more sensitive to the GW phase than its amplitude, it is not entirely clear whether the ℓ = 1 harmonic can be extracted for low signal-tonoise ratio events. Whether the inclusion of such parameter amplitude ppE parameters is of practical use can only be determined through an implementation of these proposals.
